We analyze the long time behavior of transport equations for a class of dissipative quantum systems with Fokker-planck type scattering operator, subject to con ning potentials of harmonic oscillator type. We establish the conditions under which there exists a thermal equilibrium state and prove exponential decay towards it, using (classical) entropy-methods. Additionally, we give precise dispersion estimates in the cases were no equilibrium state exists.
Introduction
In this paper we analyze a class of dissipative quantum systems, modeling the motion of a particle ensemble, say electrons, interacting with a heat bath of oscillators. The resulting irreversible dynamics for the electrons, is a typical example of a so-called open quantum system Da], i.e. a system in which the interaction with the environment is taken into account. The evolution equation, where H is the self-adjoint Hamiltonian operator of the free system and A models the e ects introduced by the heat bath. The right hand side of (1.1) constitutes the formal generator L of the quantum dynamical semigroup acting on R.
Assuming that the time evolution of the system is Markovian, G. Lindblad Li] gave the most general form of a bounded operator L, such that the semigroup preserves the positivity, hermiticity and the normalization (unit trace) of the density operator R. However, for unbounded operators L, which is the case in our work, the so-called Lindblad condition is necessary but not su cient to guarantee the conservation of these properties (see, e.g., CF] and the references therein). Using the Wigner transform Wi] , dissipative quantum models can be equivalently represented in phase space, resulting in a kinetic transport equation with interaction terms for the quasiprobability distribution of the particles. In this paper we assume that the mechanism coupling particles and environment can be described by a linear scattering operator L q of Fokker-Planck type. The Lindblad condition therefore reduces to the assumption of a positive de nite di usion matrix D.
Up to now, a mathematically rigorous derivation of such a Quantum FokkerPlanck equation (QFP) from many-body quantum mechanics is still missing. To the authors knowledge, the only result in this direction is given in CEFM], which however justi es only a particular case of the class of models considered in this work. Nevertheless there exists a huge amount of a somewhat phenomenological physical literature on this type of equations, which play a relevant role within the areas of quantum optics (laser physics by the Wigner transform proves to be particularly helpful for this task, since it allows the use of certain entropy techniques established for classical dissipative equations (for an overview on these techniques, see, e.g., MaVi], AMTU]). The word "entropy" is used here in a mathematically technical sense and can be seen as a generalization of the classical entropy concept of L. Boltzmann. It should not be confused with the physical correct von Neumann entropy of quantum states. By comparison with the classical Fokker-Planck equation (FP), we expect the solution of the QFP equation to approach a thermal equilibrium state in the long time limit, provided the friction term appearing in L q is positive and the exterior potential V is con ning, i.e. V (x) ! 1 as jxj ! 1, fast enough.
In our work we shall specify the potential V to be harmonic. This particular choice allows explicit calculations and is maybe the most fundamental one, from a physical point of view CEFM]. Using the entropy approach, we will prove the convergence of the solution towards the steady state with a precise exponential rate, under the assumption that the initial data w 0 has bounded "entropy," relatively to the equilibrium state. This paper is organized as follows. In section 2 we set up the model and collect some preliminaries. In section 3 we specify the potential V to be of harmonic oscillator type and explicitly calculate the corresponding equilibrium state. Exponential decay towards it will be proved in section 4, where we also give precise dispersion estimates in the uncon ned cases. Although not obvious from the above de nition, the necessary positivity of n is guaranteed for physical quasiprobabilities w, i.e. for w's, which are indeed the Wigner transformed kernels of density operators R (see Ar] , LiPa], Ta] for a more complete account on this). With the above de nitions we obtain, after formally integrating the QFP equation (2.5) w.r.t. , the associated "continuity equation" @ t n + div j = Dx n; From the above proposition we draw the following consequences (among which we obtain the conservativity of the quantum dynamical semigroup, associated to the harmonically con ned QFP equation). Moreover if w 0 , n 0 are non-negative a.e., so are w(t; ), n(t; ), for all t 2 R + .
Proof. For convenience we use the notation: y := (x; ) as well as y 0 := (x 0 ; 0 ). From the above proposition we draw the following consequences: Corollary 3.2. Under the same assumptions as above we have:
1. The state w 1 is also an equilibrium state, i.e. J 1 (x) = 0 for all x 2 R d . The above corollary in particular shows that, as expected, the presence of a positive friction together with a con ning potential are crucial to guarantee the existence of an admissible, i.e. with nite mass, equilibrium state.
Note that although the solution w of (2.5) in general will not be nonnegative, the steady state w 1 is nevertheless a pointwise positive function, because of Assumption (A2 Observe that the equilibrium density n 1 , which is obtained from the diagonal (i.e. x = y) of the steady state density matrix 1 , is a real valued Gaussian function.
Remark. As a special limit case, we observe that in the classical limit, i.e. 
Long time behavior
We are now in the position to describe the long time behavior of the linear QFP equation in the cases were both friction and an external potential of harmonic oscillator type are present, and in cases where one is missing. We will start with the latter situation.
Dispersion estimates in the uncon ned case
We want to address the uncon ned or dispersive cases, i.e. either = 0 or ! 0 = 0 (or both). By comparison with the classical FP equation, we expect that the particles escape to in nity and thus that the macroscopic density n decays to 0 as t ! 1. More precisely we have the following theorem. Theorem 4.1. Let be either = 0 or ! 0 = 0, or both, and assume (A1), (A3): where again the rate R n (t) ! 1 as t ! 1. Explicitly In all cases, R w diverges as t ! 1 and thus claim no. 1 is proved.
To prove claim no. 2 we rst compute the integral of the fundamental solution w.r.t. , which gives We can then deduce a formula for the evolution of the macroscopic density, using (3.12), (2.21) and the above computation (4.5), to obtain n(t; x) = R ?d=2
The dispersion estimates are then straightforward from this expression. On the other hand, the function R n (t) again can be computed explicitly: 1. If ! 0 > = 0, then with ' = '(t) = 2 t ! 0 , 2 ! In all three cases R n diverges as t ! 1 and thus claim no. 2 is also proved.
The behavior at t = +1 of the rate functions can be obtained directly from the explicit computations in the previous result, depending on the di usion constants. In the following corollary we will consider only the physical most importand case, namely D pp > 0.
Corollary 4.1. Assume D pp > 0 and (A1), (A3), then we, have as t ! +1:
) and R n (t) = O(t). 2. If > ! 0 = 0, then R w (t) = O(t) and R n (t) = O(t). Remark. The computation of n can also be used to measure the convergence rates towards the steady state macroscopic density n 1 in the con ned case. This computation however is quite involved and we leave the details to the reader, since we will take a more elegant approach in the next subsection. Nevertheless the advantage of such an explicit calculation would be that one can prove exponential decay of the solution, even for the classical FP equation (this can also be seen by comparison with spectral theoretical approaches Ri]), whereas the entropy method used in section 4.2 only gives a suboptimal rate in this case DeVi] .
Exponential decay towards equilibrium
We now assume the presence of friction and of the con ning potential. Like in the classical case, we expect exponential decay of the solution towards the equilibrium state, which is usually proved using spectral theory. However in this work we shall follow a di erent approach, the so-called entropyentropy-dissipation method for classical FP type equations (see AMTU] and references therein). As we shall see it can be successfully applied in our quantum mechanical context too (for an overview of the classical applications, see MaVi]).
First let us rewrite the drift-vector P given by (3.6) in the following way P(x; ) = D(rA(x; ) + F(x; )); Remark. The above de ned entropies should not be confused with the quantum mechanical von Neumann entropy S := ? Tr(R ln R), where R is the density operator of the particle ensemble Th] (also note that in contrast to the physical convention the minus sign in front of (4.12) is dropped). There is however a notion of entropy for quantum states, called Wehrl entropy We], which is closely related to the logarithmic entropy de ned above (using the pointwise nonnegative Husimi transform of w, see, e.g., LiPa]) and which can be interpreted as a measure of coherence and localization of quantum states. For details, see AnHa], GnZy], SlZy] and the references given therein. Since the solution of the QFP equation in general is not pointwise positive, it seems that we need to look for an admissible entropy on all of R. This would imply, see AMTU], that the the only admissible entropy useful for our purpose is the quadratic one (4.14). As a consequence, the solution of (3.2) converges exponentially towards the equilibrium state. More precisely it holds that: It should be noted, that the main drawback of the above theorem is the fact that it only holds for initial data with positive and negative part bounded in relative entropy (A4). Furthermore one should have in mind that the above theorem fails, if = 0 or ! 0 = 0, since then A is no longer uniformly convex.
However we have already seen that in these cases no nite-mass steady state, di erent from zero, exists. The precise value of the rate can be obtained by the following transformation. Remark. In contrast to our result, the convergence to the equilibrium state for 
